An analysis of the optimization of a beam rider missile system by Shinbrot, Marvin & Carpenter, Grace C
?ia
c
I
.
1
.
i
c,
b NATIONALDVISORYCOMMITTEE
FORAERONAUTICS
TECHNICAL NOTE 4145
AN ANALYSIS OF THE OPTEVHZATION OF A BEAM RIDER
MISSILESYSTEM
By MarvinShinbrotandGraceC. Carpenter
Ames AeronauticalLaboratory
MoffettField,CalH.
Washington
March 1958
https://ntrs.nasa.gov/search.jsp?R=19930085004 2020-06-17T15:32:39+00:00Z
TECHLIBRARYKAFB,NM
Fllllllllll’lli!llllllllllNATIONALADVISORYCOMMITTEEFORAERONAUTICS
orJL7044
TECHNICALNOTE4145
s
ANANALYSISOFTHEOPTIMIZATION
MISSIEESYSTEM
By MarvinShinbrotandGrace
SUMMARY
FA BEAMR135R
C.Carpenter
A trasferfuuctionis derivedfora beamridermissileguidance
systemwhichis optimumwhenthetargetmovesfi a nonstationaryway.
Theeffectsof accelerationlimitingareconsideredanda discussionof
thetissasa functionof thevariousparameterswhichdeterdneit is
included.A formof
determinationof the
l’
.
Withtherecent
desigQchart1spresentedwhichallowstheimnediate
optimumunderanysetof target-missileconditions.
INTRODUCTION
progressininformationtheorysadrelatedtechniques
foroptimizationf systemsoperatingin thepresenceofnoisehavecome
severalapplicationsof theseoptimizationmethodsto thedesigpof guided
missilecontrolsystems(refs.1 and2). Theresultsof theseanalyses
havebeentrsmsferfunctionswhichspecifythesystemwhichis optimum
undertheconditionsassumed.Thetransferfunctionsthusobtainedappear
quitesatisfactory,themean-squared.ssdistanceassociatedwiththem
beingreasonablysmallandthefunctionsthemselvesbeingnotof an
unrealisticform.
b ordertoarriveat theirresults,theauthorsof references1
and2 usedtheclassicalWienertheory(ref.3). As iswellknown,in
orderto applytheWienertheory,itisnecessarythattheclassofinputs
to thedesiredsystembe stationary.Now,realtargetsmayormaynot
maneuverin a nonstationaryway. Howeverthismaybe,onecsneasilyfind
examplestowhichtheWienertheoryas originallyconceivedoesnotapply:
an examplewouldbe thecasewherethetargetmaneuverconsistsof a step
in acceleration.h sucha case,if theWienertheoryalonewereavailable
as a toolto thedesigner,heprobablywouldappro~matethenonstationary
maneuverby a stationaryone. Thisimpliesthatsomeimprovementof such
systemsmi@t be expectedifraregeneral.targetmotions- onesinvolving
no appro~mation- couldbe considered.h
A methodwhichallowstheoptimumtobe deterdnedwhentheinputs
arenotstationarywaspresentedin referencesk, 5,and6.
*
Itis the
P-se of MS re3@rtto apPIYthismethodto theoptimizationf a beam
ridercontrolsystem.Ourpuzpsehereis exemplary;althoughanoptimum
.-
2transferfunctionispresented,we shallbe
indicatinghowthemethodc= be appLLedto
specifyinganoptimumone. Thus,thepoint
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*
moreinterestedherein
missileproblemsthanin
ofviewoftheprecedin~_oara- *
graphwillnotbe adheredto st~ctly.- Althoughcertainas&mption;%KL1.
be madewhichsimplifythework,thesituationsdescribedheretillbe more
realisticthaathoseof references1 snd2. It shouldbe stressed,how-
ever,thatthemethodsofreferences4, 5,tid6 aresufficiatlypowerful
thattheseassumptionscanbe eliminated.
Itmightbe ofinterest,whileon thesubjectof assumptions,to
discussonewhichisnotmade. ~ allthepreviousworksonmissileopti-
mization,it wasassm= thatthetargetandthemissilemoveinoneplane.
Onemaybe certain,however,thatif thepilotof a targetbomberknows
this,he tilldohisbestto assurethathe doesnotremaininthesame
planeasthemissile.Consequently,we shallnotmakethisassumption:
theplaneinwhichit willbe assumedthetargetmoveswillhaveno lnvar-
isntrelationtothemissile’sinitialpositionandtheflightpathof the
missilewillnotbe assumedtobe planaratall.
Thepa~r beginswitha discussionf theoptimumsystemandthe u
correspondingminimumerror.Itis shownthatthissystemcannever
actuallyachievetheindicatedminimumiss,sincein orderto dosothe
levelof accelerationrequiredofthemissilewouldbe impssiblyhi@.
*
Theeffectofintroducinga sideconditionthattheroot-mean-sqyareccel-
erationshallnotexceeda preassignedvalue5.sthenconsidered.By a new
methodanothersystemis derived;thissystemhasthepropertiesthatits
rmsaccelerationremainsbelowthegivenvaluewhilethemisscorresponding
toitis,fora fairlywiderangeof Mmitingaccelerations,onlysli@tly
largerthanthemLnimumiss. A briefdiscussionof thismissas a func-
tionof theparameterswhichdetermineitis thengiven.
SYMBOLS
a
aM
E
N
NX,NY,NZ
R
t
verticalaccelerationf
accelerationfmissile,
root-mean-square
Nx+N@Nz-”
noiseamplitudes
target,ft/sec2
ft/sec2
missdistaace,
(magnitudesof
ft
spectraldensitiesat zero
freqticy)inthedirectionsof-thecoordinateaxes,ft2sec
JG%%7
timemeasuredfrominstantof firing,sec
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T
v
timeatwhichtargetbeginsmaneuver,sec
At, dimensionlesstime
timeatwhichmissilevelocityis soreducedit cm no longer
capturetarget,sec
horizontalspeedof target,ft/sec
initislpositionof target,ft
presentpsitionof target,ft
presentcoordinatesofmissile,ft
errorduetonoiseinmeasuringtargettsposition,ft
ei7c13
Theletterq withsubscriptsattachedwillbe reservedforcorrelation
functions.A baroveranyqwtity willdenoteitsaveragevsLue.
ASSUMPTIONS
BeanRider
We shallassumefirstof allthatthetissileitis desiredto desi~
tillbe a beamrider.Thesourceof & beamwill.be consideredb be far
awayfromthetarget,sothatasthetargetmaneuversthebeammovesonly
paralleltoitself,withoutrotation.
TargetMotion
b ItwiJlbe assumedherethatthetargetis initially(i.e.,at the
timeof firingof thend.ssile)flyingwithconstantspeedalongsome
strai@t13ne.At sometimeafterfiring,thet=get willmaneuver.Due
u to thedifficultyof~euveringa largebomberandtheshorttimeof
flightofmostmissiles,we shallassumethatthepilothastimeforhut
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onemaneuverbeforetheattacksituationisover;fordefinitenessatthis
time,we takethistobe a pitchingmaneuver=inwhichthebombereither
climbsor divesat someconstantaccelerationwhichmayormaynotbe the
maximumofwhichitis capable.Weassumeas snapproximationthatthis
verticalaccelerationleavesthebomber’sforwardvelocityunimpaired,so
thatthefli~tpathis a parabolaratherthana circle.
Selecta coordinatesystemfixedin spacewiththe X axisparallel
to thetarget’sinitialvelocityvectorsndtheoriginattheinitial
positionofthemissile.Accordingtowhathasgonebefore,wehave
x~ =Xo+vt
Y~ = YfJ
{
Z. 9 t<to
%3= 1a(t-to)2,zo+~ t>to
where to denotesthetimeatwhichthebomberbeginsitsmaneuver.
Theprecedingequationsrepresenta wholeclassofmissile-bomber
combinations.Ifalltheparameters,~ V, a, etc.,aregivendefinite
values,a particularattackis defined.At thispoint,we assumethatwe
knowapproximatelyhowfarfromthemissilea targetwillusuallybeini-
tially,howfasta modernbomberwillbe going,andhowrapidlyit can
accelerate.Moreprecisely,itwillbe assumedthatprobabilitydistri-
butionsof theparameters~, yo,Zo,V, anda areknown. (Aswf.11be
seen,theentiredistributionswillnotactuallybeneeded,sinceonly
themean-squarevaluesoftheseparamelx?rswilloccurinthework.)
With Av denotingtheaveragewithrespecto allparameters,we can
thencomputethefollowingcorrelationfunctions.(Seeref.4 forthe
completedefinitionfthesefunctions.)
W%(W =Av[(~+Vt)(++vT)]
= Av(~2)+AV(~V)(t+T)+h(ti)tT (1)
“*
u
M
*
‘Itwill,be seenthattheargumentwhichfollowsremainsunimpaired
if theverticalplaneinwhichwehaveassumedthetargetmaneuversis
rotated.Therefore,theanalysiswhichfollowswill.applyequallywell
to situationswherethebomberturnsor turnsanddives.etc.
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Iftheinitialpositionofthebomberisuncorrel.atedwithitsvelocity,
andif,withrespecto themissile~sinitialposition,thebomberis as
likelytobe goingin onedirectionas another,we obtainAv(~V)= O.
Equation(1)thenbecomes
QXBXB(tjT)=2+%T
Similarly,
To computeq
%%’
itisnecessaryto assumesomeprobabilitydistri-
butionforthetime to atwhichthetargetbeginsitsmsmeuver.
Althoughitisyossibletotie morerealisticassumptions,herewe shall
insistthat to is equallylikelytohaveanyvsluebetweenO and T, the
timeatwhichthemissilespeedhasfallenoffsobadlythatit caano
.“ longerreachthetarget.Thisassumptionisnottoounrealisticsincea
pil;twhois tensetillusuallymsneuverwhen to
u composedwillwaitlonger.
Kiowingthesethings,we cannowwritedown
that O < T < t. Then,
%B#”) = AV[ZB(t)ZB(T)]
.T
is small.;themore
~~~” Assumefirst
1“
=- J Av*[~(t)Z~(T) ]dtoT o
where A- denotestheaveragewithrespecto Z.snda alone.
Equation(2)thengives
VAV*{[20+*a(t-to)2}o}dto+*~A”*(z
T
(2)
.
‘o2+ = (lot2T’320T -~tT4+T5) , for o<T<t
6In
It
of
derivingthisresult,
followsfromequation
wehave.asbefore.assumedthat Av(zoa)= O.
(2)tha~ q%zB(t,~)=(pzBzB(~,t).Hence,
—-
zBzB(t,.).zo’+&P (10t3T’-5t4T+t’), for T>t
We definethecorrelation
thefunctions
‘xBxB%ByB}
functionofthebomber~(t,T)asthesum
&Kndcpzz.Thus,
BB
~(t,-r)=R2+V’t~+ ~(10t’T3-5tT4+#)
——
foro<T~t.
(3)
Itisimportanttonoticethatthecorrelationfunction(3)depends
onlyonthemean-squarevalues=, ~, snd~. Thismesmsthatifthe
pl~e inwhichthebomber’smaneuver&kes placeisnot
resultingcorrelationfunctionwillhavethesaneform.
ing ~ tobe themean-squarebomberaccelerationver
tationsof theplane-inwhichhemaneuvers,we shallbe
moregeneralproblemofa bomber,flyhginitiallyona
course,maneuveringin someunknowndirection.
vertical,the
~US, by ChOOS-
allpossibleorien-
consideringthe
straightline
Noise
ThemeasurementsoftargetpositionwilLpresumablybe madeby radar
or someotherdevicewhichwillbe subjecto error.Itwillbe assumed
thatthenoiseisuncorrelatedwiththetarget
Thus,theautocorrelationof thenoisewillbe
directions,respectively,by
(tjT)=Nx@-r)
~xNxN
~NyN(%d=N#(t-T)
motionandis “white.”
givenin the x, y,andz
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whereNxjNyj~d ~z areconstants,dependentupcmtheconfigurationof
thetarget,and 5(t-T)istheDirac 5 function(ref.7). We definethe
correlationfunctionof thenoiseasthesumofthesethreefunctions:
~(t,T) = @t-T) (4)
where N = Ifx+ ITy+ Nz.
hpu.ts
Theinputsto themissileconsistof thesumof thetargetmtion md
thenoisein eachdirection.Now,in general,theattackmaytakeplace
fromanydirectionrelativetothetarget,eventhoughcertaindirections
maybe moreprobablethanothers.However,themolaronlyperceives
motionsasif theyoccurredin a planeperpendiculartothebe=. Thus,
theinformationsentthemissileisnotactualtargetmotion,butthepro-
jectionof thismotionontosucha plane.~ an attackfromthebesmwith
themissileandthetargetin thesamehorizontalplane,thesetwomotions
coincide.Inothersituations,theeffeetof thedetiationfroma beam
attackis theapparentreductionof thetargetvelocityandacceleration.
Thus,wemayassumea beamattackby titroducimgthenotionof sm apparent
targetwhosevelocityandaccelerationarelessthanthatof theactual
target.
Lookedat anotherway,whatwe aresayingis thattheprocedureof
optimizinga beamridermaytakeplaceasif theplaneinwhichthetar-
getismovingwereorthogonalto thebeam. Ihthefinalanswer,theval-
uesof ~snd~ which
overallpossibleattack
shouldbe usedaretheapparentvaluesaveraged
directionsratherthanthetruevalues.
OPTIMIZATION
TheMinimizationCriterion
Theover-allmissile-beamsystemwillgenerallybe describedby two
trsnsferfunctions,oneforthehorizontalandonefortheverticaldirec-
tion.Althoughitis theoretically~ssibletoattaina smallermesn-
square rrorby actuallyusingtwodifferenttrsnsfer functions,in this
repmt we shallconsideronlycruciformmissiles,sothatthetransfer
functionis thesaneinbothdirections.
b
Accordingtothediscussionin theprecedingsection,wemayassume
a beamattack,sothatthe y axisis parallelto thebe&. L& g(t,T)
4 denotetheimpulserespanse2of themissile-beamsystem.Then,theoutput
%s responsedependsupontwovariablesincethesystemay,in
general,be time-varying.
8ofthemissilewill.be givenby
t
~(t) =
1
g(t,T)[xB(T)+ XN(T)]dT
o
J
t
zM(t)= &T)[zB(~) + ZN(T)]dT
o
We desiretominimizethemean-sqweerror
E2 =Av[~(t) - ~(t)]2+Av[~(t) - zM(t)]2
A littlealgebrayields
E2 = ~(t,t)--
/’t@,T)do
whereequation
a minimum(cf.
~(t,T)=
LJ
.t
2/ dt,d@,ddT+
“o
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Jt tdhd~bdti dT+ NJ’&(t,T)d’r, t>o (~)o 0
(4)hasbeenusedto @.vean expressionfor ~. Thisis
refs.5 and8)ifandonlyif
rtg(t,a)%@)da+Ng(t,T), for O<T<t (6)
where ~ is givenby equation(3).
Equation(6)is anintegalequationwhichmustbe solvedforthe
optimumimpulseresponseg(t,T).
TheOptimum
Althoughitis a lengthyprocedure,tieme~od of reference4 (or)
moreeasilythatof ref.5)canbe usedto solveequation(6). ‘I!heopti-
mumimpulseresponseoneobtainsis toocomplicatedfortheretobe much
advantageinwritingit down,especiallysincea slightapproximation
“
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simplifiesit enormously.This
section.Onecansay,however,
of thedimensionlesstime
where
A
9
approximationwillbe discussed-in thenext
thateverythingturnsouttobe a function
TheoptimumimpuL3eresponseg(t,T) cm be
minimumrmserrorE~n. Againthisfunctionis
(7)
(8)
usedto computethe
rathercomplicated,but
figure1 canbe usedto findtheminimumerrorasa functionof timewhen
theoptimumissileis firedat a particulartarget.~ ordertointer-
pretfigure1,wenotethattheminimumerrorhasbeenbrokenup into
fourparts,a part ER whichrepresentserrordueto initialerrorat the
timeof firing,a part ~ duetonoise,a part EV dueto target vebc-
ity,snda part EB dueto targetmaneuver.Thetotalerroris givenby
thesquarerootof thesumof thesquaresof thesefourquantities.
As canbe seenfromthefigure,~ smdEv dempoutratherrapidly.
Whatremainscanbe approximatedquiteaccuratelyby itsvalueatinfinity.
Oneobtainsfromthefigurethat
E(m) = EN2(~)+EB2(w)
(9)
Thisexpressionfortheminimumerroris veryimportantandwillbe used
frequentlyin thesequel.
AN APPROXIMATION
Equation(9)canbe usedas a.checkon theperformanceeitherof a
givenmissileor of onedesignedby anyheuristicprocesswhatever.To
seewhetheranymissiletransferfunction,desi~edby whatevermeans,
h canbe classedas “good”in thesenseof thisreport,onehasonlyto
checkon two@nts. Firsthehasto seethatthermserror,when t . m,
is approachedrapidly.Thisis alwaystrueof stablesystems.Secondjhei maycomparetheerrorofhismissilewithequation(9)to seehowfarfrom
theoptimumhe maybe.
— -—
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k
W whatfollowswe shalltie frequentuseof theexpressionsa “t
approachesinfinity”md when“t is large.” Actually,neitherof these
is quiteaccurate,sihce~of course,we shall-neverbe concernedtifi u
timesgreaterthm T, whentheattackisover. Whatreallywil.1.be meant
by largevaluesof t arethosevalueswhich,whilelessthan T, are
stillfarenoughfromzerothattheexpressionl-e-At maybe approximated
by unity.As canbe seenfromequation(8),h isnotusuallyverysmall
andso “largevaluesof t’rmay be qtitecloseto zero.
Inthissection,we shallutilizetheaboveapproximationtoreduce
theformulafortheoptimumsystemtomanageableproportions.Now,it
happensthattheoptimumimpulseresponsedependsonlyonhyperbolicsines
andcosinesof t*andT* = AT. Exceptnearzerotime,however,thefol-
lowingapproximationsarevalid.
.
-T
Ifthese
response
coshX =
a~proximationsare
andifonlyfairly
thesimpleapproximation
lxsinhx=~e, X>o
3
madein theexpressionfortheoptimumimpulse
largevaluesof t areconsidered,oneobtains
.—
.
—
-(**.T*)
g*(tjT)= he L 1(1-~2)e-W(t*-A)+ ~
‘3 j X(l+p,)e‘2(t*-T*) (lo)
whereA is givenby equation(8)and
ilcls &p=e =*+i— 2 (11)
Itshoul-dbenotedthatsince g* is @ functionof &T alone,it
represents.a timeinvariantsystem.Further,sincetherealpartsof -p
and+p2 arenegati~e,thesystemis stable.Thetransferfunctioncorre-
spondingto theimpulseres~nse(10)is
2 & S2
A-s%
Gl
(12)
1
)
-s l+*S+-%
A A2
Writingthisin theform
1+2 ~ 1~s+— S2
% %2
““(
!!d”“““1 ;2(l+TS) 1+2_@3+—
wd2‘--)
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oneobtainsthevaMeE
@
%= @
{G
=—
n 2
u
where A is givenby equation(8).
Theerrorcorrespmxlbgto equation(10)canbe computedby substi-
tuting(10)into(~). Theexactprocedurefordoingthisforsnytime
invariantsystemtillbe indicatedlateron3it sufficeshereto saythat
theerrorcorrespontigto g(t,T) forlarge t is givenagainby for-
mula(9). ~us, althoughtheerrorof thisapproximatesystemaybe
largerthanthentnimuminitially,thistransientphasesoondiesoutand
theerrorforlarge t is compromisednotat all.
ACCELERATIONDEMANDEDOFTEEMISSILE
Wehavethusfarspecifiedanimpulserespnse(10),corresponding
to thetrsnsferfunction(12),whichhasanassociatederror(9). However,
wehaveno guaranteethatin ordertoachievetheperformanceindicated
by (9)themissilemaynotbe calleduponto attemptimpossibleexertions.
Thermsaccelerationf themissile,forexample,maybe requiredtobe
so greatthatthecontrolsof theactualmissilewin be at thestopsall
of thetime,thusmaldngtheMnear analysisusedhereinvalid.Thesys-
temmay,of course,be limitedin otherways,b-utwe shalJconsidAronly
accelerationlititingastypicalof thesortof”situationwhicharises,
and,in addition,as themostimportantypeof limiting.
Now,whatevertheinputsandwhatevertheimpulseresponseg(t,T)
maybe,themean-squareaccelerationdemandedof themissileis
{Jd= t 2? = A-v ~ }g(t,T)[xB(T)+xN(T)]dT +
{Jdz t 2Av ““—4*2 }i3(t,T)[~(T)+ N(T)]Mo 4 (13)
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Define
xl(t)=X&) +%(t)
1
(14)
zl(t)= Z&) + Z’@)
Substitutingthesedefinitionsinto(13)anddifferentiating,oneobtains
{
t 2
T *Av g(t,t)k~(t)+[a@,t)+gT(t,t) ]xl(t)+J’ }~t(t,T)xl(T)dT+o
{
t! 2AV g(t,t)fil(t)+[a@,t)+@,t) ]zl(t)+ }~t(t,T)z~(T)dTo
wherethesubscriptson g denotepartialdifferentiation.
. (t,T)denotetheautocorrelationfu ctionof *1,Nowlet (piIxI
. ~(t,T)thecross-correlationfunctionof kl withxl,etc. Then,
%5
squaringandaveraging,oneobtains
[F =E?(%@Qk#,hpp) } [“- 1[ 12g(t,t)2sJt,t)+g’(t,t)LFl&#t)w*lzl(t,t)+
[2q(t,t)+g’(t,t)H+ “J’%%M+{’[ 113(’JT)idt)t)~#A+q#%d+I
[2q(t,t)+&Jt,t)l%% '`J')%IzI(t)7)]]&+~%t(`J`~`%.(t'")[qwI(`$")WzIzI('J"“
(15)
Considernowthefirstbracketedtezmin thisequation.It contains,
accordingtoequations(14),a terminvolvingthenoise.Thistermis
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l (t,t) =AV[&N(t)~(T)+~~(t)~(T)]
‘%’%(t’t)+%% T=t
=~fW[x@)@+zN(@zN(T)1
& ~T
F
‘~ q$wr) IT=t (16)
Now,if the~oiseiswhite, ~ is givenby equation(4)andso (16),
whichis tobe evaluatedat T = t, is infinite.Evenif thestrictly
unrealizableassumptionthatthenoiseiswhiteisnotmade,it csmbe
expectedthatthistermtillbe undulylarge.~ orderto eliminateit
then,we set,accordingtoequation(15),
g(t,t)=0 (17)
Similarly,thethirdbracketed
2gJt,t)+
termin (15)@ves
g.Jt,t)= o (18)
Wenowspecify(17)and(18)astitiolableconditionswhichanysatisfac-
torymissilemustsatisfyin orderthatthemissileaccelerationwhichis
calledforbenottoolarge.In thiscase,(15)givesfortheacceleration
---- —
of themissile
t
? =j’13&>dft [ 1%(t>a,%lX1(TJ~)+~zlzl(T,u) da dTo 0
Letus seeif themissiledefinedby theimpulseresponse
equation(10)satisfiesconditions(17)and(18).Wehavefrom
{
1-~2 )l+pg*(t,t)= l+T+T
(19)
@ of
(lo)that
= 2A
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%
sincev = eifi/”il‘Theconstant~ # O,mesningthatcondition(17)isnot
satisfied.Thus:we mayconcludethattheaccelerationdemandedof the <
systemdescribed-by(10)tillbe solargethatthe
OPTIMIZATIONI TEEPRESENCEOF CONDITIONS
systemis unsatisfactory.
(17)~ (18)
Wehaveseenthatthesystemwhichhasbeenderivedturnsouttobe
unsatisfactoryfromthepointofviewof accelerationlimiting.Itappears
thatwe mightproceedusingtheideasof refemce”9,minimizingnotthe .—
error,E2,butthequsntity
(20)
where 7 is a constsnt.Theideahereisthatwhen 7 is large,effec-
tivelywe wouldbe minimizingaM2 while,when 7 is small,E2 wouldhe
.,
minimized.Consequently,thethou@tis thattheremightbe a valueof 7
whichwhilekeepingE2 neartheK&xLmumvalUe(9)stilldoesnotallow
aM2 to gettookrge. However,inourcase,thequantity(20)hasno .
minimum,as canbe shownby a strtightforward(thou@lengthy)computation.
Hence,wemustproceedotherwise. ,--
Whatwe shalldoisutilizea hint&Lvenusby theformof g(t,T)
anddctuallycomputetheerrorusingformula(~). Itwill.turnoutthat
conditionsecessaryinorderthat E2 be smallwillthenbecomeevident
by inspection.
Thehintis that g(t,T)representsa time-invariwtsystem.Thus,
ifwe”decidetolookonlyattime-invariantsystems,wemayexpect,in
viewof thefactthat(12)istime-invariant,tobe ableto comeupona
fairlygoodresult.
optimization.
Now,themostgeneraltime-invariantsystemhasanimpulseresponse
whichis a sumofexponential,pro@dedonlythattherootsofthe
characteristicequationaredistinct.3 Hence,we set
‘&(t-T)g(t,’i-)= g(t-T)= ~e (21)
%ven if theyarenot,theformof theimpulseresponseisa limit
of a sumofexponentialastherootsbecomecoincident.
—-
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Wemaynowsubstitute(21)intotheexpression(5)fortheerror.
Thisprocedureis simplifiedby breakingtheerrorup intofourparts,
as in figure 1. Thus,we define,accordingto theexpressions(3)
and(4)forthe correlationfunctions
~ =d ~>
“(t)=‘k -‘f’’(’~”d’+J’ g’wp”)’”‘““1
t
[f 12=Ft - T’(t,T)dT0
t
EN’(t)- NJ‘2(t,T)dTo
ttg(t’’YTg(’’”)(10T2a5Ta4+a’)d‘T+
o 0
In equation(21),g(t,T)isa functiong(t-T)of thedifferenceof
and.T. Thismeansthatformulas(22)canbe written
.—— .—.-
—
(22)
t
lJACATN 4145
E~2(t) = q+ .(%,..],Jng(.,.f
EN2(t)=
EB2(t)=
Set
JN ‘&(T)dT
:,{ J’~ t6t5-2 g(r)[(t-T)5-~t(t-,)4+10t2(t-T)3]dT+o
t
JJ
2 g(T) ‘g(d)((t-,)5- )5(t-r)4(t-a)+10(t-T)3(t-u)2]dodr
1
t
#g(T)dT, n =0,1, . . . (23)Iu(t)=
o
Then
ER2(t)== [1 - 10(t)]2
{
2
EV2(t)=~ t[l- ~(t)]+ Ii(t)}
EN2(t)=N
J
‘#(T)dT
o
{
F &5[l-Io(t)]2+sOt4[l-Io(t)]IL(t)-EB2(t)‘=
2Ots~~-Io(t)}I2(t)-21:(t)]-@t2I=(t)I2(t)+3OtI~(t)+
$t [{ } 1}g(T)T5 l-lO(T)+5T%L(T)-LOT312(T)dT
L
.
B.
,
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Now,ifwe areto set g(t)equal,as in equation(21),toa sumof
eqxmentials,andif thesystemis tobe stable,sllof theq~tities
In(t)MU approachde~te Nts as t+-m. Consider,then,the ts
termh thee~ressionfor ~B2. SfiCe ~(t) apprOS,CheSi%Edt, WS
wholetermwillapproachtifinityas t+w ~ess ~-lo(m).0. ~s
givesus onerelationwhich g(t)mustsatisfy:
1.(03)=1 (24)
Mnd.larly,the ts termin EB2 @VeS
I=(w)=() (25)
whilethe t termgives
12(m) =0 (26)
Whentheseconditionsaresatisfied,we cansaythat
ER’(C?J)=
EV2(CXJ)=
E~(rn)=
EB2(m) =
o
0
J’~‘~(T)dT
1
(27)
m
J {
~
+
g(T) ~[l-k(T) 1+5T%=(T)-10T%2(T) dT
o
Theacceleration(19)
parts. Recallingthatif
seethat
J
of themissilecanalsobe brokenintofour
g(t,T) = g(t-T], men @t,T) = g(t-T), We
~ /’tg(&T) f g(t-u)dudT
L -1
= ii? g’(t) (28)
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*
by condition(18),whichreads,
Similarly,(17)becomes
andsoonecanwrite
inthistime-invarisntcase,
~(o) = o (29) “
g(o) = o (30)
= = iaf(t)av (31)
by usingcondition(30).Also,
t
a~2‘1=N &)dT (32)
o
Now,set
J
t
Jn(t)= Tng(T)d-r
o
= tn~(t)-nt‘-lg(t)+n(n-l)~-z(t) (33)
Then,justasbefore,
t
T
.?
120T
~[
~(7) kj(a)[(t-T)5-5(t-T)4(t-a)+10(t-T)3(t-U)2]dadT
o
{
=% 6t5J02(t)-gOt4Jo(t)Jl(t)+20t3[Jo(t)J2(t)+2J=2(t)]-
tJ’ }60t2J=(t)J2(t-)+gOtJ=2(t)-2g(T)[6T5&(T)-UT4g(T)+@Io(d ]dTo
From(33),however,we seethatif thesystemisstable(sothat
g(m) = g(m) =0), then Jo(m)= J=(m)= O. Also,usingconditions(24),
(25),and(26),we obtainJ2(cu)= 2. Therefore,ast+ ~,
.
—
t ““
aB2(t)- {J ,- }- 6ot-2 g(T)[6T5&(T)-15T4g(T)+zOT%o(T)]dT (34)60T b
o
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Now,let
and(30) then
g(t)be @.venby (21).Conditions(24),(25),(26),(29),
become
.
(35)
I% \~=’-
1%_.hn2
I %l_oAn=
I ~~=o
I ~=o
Noticethatthefirstthreeof equations(35)areconditionsfortheerror
nottobe toolarge,whilethelasttwoareconditionsfortheacceleration
tobe finite.Finally,wehave
E2(m)=E~(m) + EB2(m)
(36)
where4A is givenby (8)andthesumrunsoverall m andn. sincewe
stilJareinterestedin reducing~ as faraspossible,theproblemnow
becomesoneof~mizing (36)subjecto theconditions(35).
Equation(21)canbe substitutedinto(28),(31),(32),and(34)to
yieldsmexpression
bility,we seethat
hsmd,
q(t)
fortheaccelerationf themissile.Assumingsta.
~and~ qpicklya~roachzero. On theother
——
‘al?=+aB2
(37)
forlarge t.
4~ alternativeformulationf formulas(36)smd(37)is givenin
theappendix.
20
Itisveryimportsmtto
satisfyingconditions(35).
(ofsufficientlyhighorder,
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.
noticethatthereareinfinitelymanysystems
Infact,evenif a characteristicequation
seebelow)is givenforthedeterminationof .
therootslnjtherestillexistsa system(per~ps-Y such)satisfy-
ing(35).To seethis,considerthe ~’s as fixed.Equations(35)_KQen
giverelationsamongthe ~’s. These,however,determineonlythenumer-
atorof thetrcxnsferfunction.Hence,we cansaythatgivena denominator
onecanfinds correspondingnumeratorsuchthatthesystemsatisfies(35).
Thisresultshowsthatnotonlycamoneusetheideasdiscussedhere
to desi~ a missilebutthatonecanveryeasilyadda compensatinget- —
worktoanexistingsystemsothatthenewover-allsystemwillsatisfy
theconditions(35).Thisfollowsfromthefactthatequations(35)only
giverelationsamongthe M’S. Further,sincethe An’s arestiu arbi-
trary,theyremain
be tiimized.
as pare&terswithrespecto . .whichtheerror(36)can
TheTransferFunction
.
C!ondI.tions(35)mayeasilybe interpretedas conditionsonthe
—
transferfunctionG(s)correspondingto theimpulseresponseg(t). In
fact,since
g(t)= Z~e-ht
we have
consequently,
~nsider
thefirstthreeconditions(35)become
G(0)=1
G’(o)=0
I
(38)
G“(o) =0
nextthelasttwoof equations(35).Theysaythat
g’(o)= g(o)=0. As iswell.known,however,thiscamonlybesoif the
orderof thedenominatorf g exceedstheorderofthenumeratorby at
least3. Thus,weneedonlyaddtherelation
(orderof denominatorf G) - (orderofnmeratirof G)>3 (39)
to equations(38)toassureourselvesthatall.of equations(35)are
satisfied.
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Now,s-se
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where P andQ
tion(39)then
G(s) = ~
are pdyaomkl.soforder m andn, respectively.Equa-
reads
n-m~3 (40)
whileequations(38)become
P(o)= Q(o)
P’(o)= Q’(o)
P“(0)= Q“(0)
~us, equations(38)aresatisfiedif thefirstthreeterms(i.e.,the
L constant,linearandquadraticterms) in P(s)andQ(s)areequsl.We
may,by di-dingthrou@by theconstant,assumeittobe unityandsay
thatconditions(35)willbe satisfiedif G(s)hastheform
w
E
?n-
LIU.@U#+s= klvs~
G(s)= v-?l-
f
(41)
l+als-l.a=s=+ss#%+3
V=o
and(b) holds.
Note&at it followsfrom(@) and(41)thattheorderof thesystem
is atleast5,sinceobviously,in viewof (@), thelowestordersystem
willoccurif m = 3 andP.= O - inwhichcase,againby (kO),n must
equal5,atleast.
SOMEOPI’IMUMTRANSFERFUNCTIONS
~ thissection,wewishactusllyto displaysomesystemsatisfying
conditions(35)andminimizing(36),in orderto showtheeffecton the
missileacceleration.
AS shownin theprecedingsection,anySUW system~t be of tie
fifthorder,at least.Forsimplicity,we shallonlyconsidersystems
withthisminimumorder.Thus,accordingtoequation(41)ad theremarks
following,wewrite
-—
22 NACATN 4145
1+U=6+CL2EF
G(s)= (42)
l+ap-a&%a@-a4s4~ l+
Weknowthattheimpulseresponsecorrespmdingto (42)satisfies(35)if
as # O. Noticethat,exceltforthefurtherconditionof stability,the
fiveconstantsa arefreead canbeusedtominimize(36).Itispos-
siblethatwithsomuchfreedom,theerror(36)- evenwhentheconstants
~ aresubjectoconditions(35)- caube reducedtotheabsoluteminimum
error(9).However,theminimizationf (36)in thiswayis etireme~ycom-
plicatedandtheproblemprobablycanonlybesolvedbyuseof a method
suchas steepestdescent(ref.10)ona digitalcomputer.Here,we shall
solvea muchlessambitiousproblem;however,we shallshowthatin order
to reducethemissileaccelerationverygreatly, a large PenaltY h
increasederrorneednotbe paid.
Whatwe shallactuallyconsiderarespecialcasesof (~) havingthe
form
.
.
—
4
‘+’(’+)?+++3%
G(s) = (43)
where,asbefore,l is givenby(8). Thetransferfunctions(43)depend
on a parameter~. Noticethatas p- m, (43)reducestotheoptimum
transferfunction(12).‘llms,forlarge p at least,one mayexpect
the errorcorrespondingto (43)tobe somewhereintheneighborhoodf
theminimumenor(9).
Theactual.errorofthesystem(43)canbe computedwiththeaid
of (36).Thecomputation,thoughlong,isnotimpossible,andthefinal
resultis giveninnormalizedformin figure2. Notethataspredicted,
thecurveis fairlyflat,exceptattheveryleft-baudend.
Inordertounderstandwhatsignificancethema~tude of P has,
it isnecessarytolookatthemean-squareaccelerationf themissile.
Thiswascomputed,using(37)with t=T (the~rst c~e)= Theresfltis
showninnormalizedformin figure3 (thesourceof theparsmeterusedas
ordinatecanbe seeninthe‘appendix).lY.@re3 also containsthecurve
of figure2. . .:.T.“.J.-.:-:~~.::... . .. ..
. . . .-.:”’.- ,., :.”.,
.
—...——-- ...--— .. —.. —. —.—— ....— .— —.- —
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Figure3 representstheclimaxof.all.ourefforts.~ ordertouse
thefigure,onewouldhaveto decidewhatthermsaccelerationcapabilities
of themissileweretobe. Usingthisknowledge,onefindstheappropriate
(7 - z) /m= andreadsoffthecorrespondingvalueof abscissaP. This
valueof p is thenusedti equation(43)to givetheoptimumtransfer
function.Theerrorcorrespontigtothissystemis thenreadat thesame
valueof ~. An exmpleof thisis givenin a latersection.
TheError
Theerrorof thesystem(43) isplottedagainsthedimensionless
tissileaccelerationparameterA = (~- ~)/NA5 in fi~e 4. Notice
thattheerrorE is determinedby onlytwothings,theminimumerror
~n andthisparameterA. An advantageof thepresentapplications
of themethodof ‘toptimizationl’is thattheparametersof whichE is
a functionaredeterminedanal@ica.lLy.
Notefurtherthatoverwhatmightbe consideredsomereasonablerange
of A- say,thosevaluescorrespondingto thelimits4 ~ Jm. 7,
—
a conditionwhichwitha %reasonable”choiceof a2,N, sadT is therange
boundedby thedottedlinesh figure4 - theslope-ch&gesslowly.
of theprincipaladvsmtagesof thepresentoutlookis thatthecurve
figure4 givestheerroroverthepracticalrangeof A unifomly.
AN EXAl@LE
One-
of
As anexampleof theuseof figure3, considera targethatingthe
followingcharacteristics5
~=3 2.2 ft/sec2
N = 100ft2sec
5Thevalueof N givenhereis a reasonableoneandis consistent
withthatusedh earliereports.~ reference1, forinstance,the
valueof %oisemagnitude~twhichwasusedwas15 ft2/radian/sec;since
ourdefinitionof N differsfromthatusedin reference1 by a factor
of2YCwehaveset N = 2fi(15)= 100.
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Letus assumethatthetimeof flightT is 10 seconds,andthattherms
valueofmissileaccelerationtillbe 7g’s,sothat
.
r2= 225ft/sec2
Wethenhave
= 1.00
Also,
—.~2
%2 = 4g8~5
Hence,readingalongthedottedlinesin figure3,we seethatwemust
chooseB = 8.6,whichgivesa valueof theerrorof
E =1.19%
and,since
wehave
E~n =6
= 14.1ft
E = 16.8ft (44)
with p = 8.6 andh= 1.00,thetrsnsferfunction(43)becomes
G(s)= 1+2.23s+2.49s2
(~+s)(1+S+S2)(1+0.23s+0.027s2)
Intheattacksituationdescribed,thesystemhavingthe
(45)Wllhave theerror(44).
(45)
transferfunction
.—
,B
.
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CONCLUDINGREIVUKS
.
It hasbeenshownhowa beamridermissilesystemcanbe desigaedin
an optimumwayevenwhena targetmaneuveris a strictlynonstationaryone.
Themaneuverwaschosenheretobe a stepin targetacceleration,thestep
beingassumedtooccurwithequallikeMhoodmywherein a finiteinterval
of time.A simpleformulawasderivedfortheminimumerrorin thesecir-
cumstances;thisformulacanbe usedas a criterionofmeritagsdnstwhich
thevalueofanybesmrider,deslgnedbywhatevermeans,canbe measured.
Theoptimumcontrolsystemwasshowntobe unsatisfactorysincethe ,
accelerationsdemandedof themissilewereundulylarge.Therefore,it
wasnecessaryto desi~it in a differentway,takingintoaccounthe
limitedaccelerationavailabletoanyrealmissile,andus~g theminimum
errorformulato decidehowgoodthenewsystemwas. Twothingsresulted
fromthisanalysis.Thefirstwastheconclusionthatthetransferfunc-
tionofanymissileguidancesystemustbe of a certainform(@.venby
eqs.(w) and(41))if eitherthemissileaccelerationr themissdistance
isnottoi?.icreasebeyondallbounds.
Thesecondresultwaspresentedin figure3 andequation(43).Elg-
ure3 maybe usedas a designchartto determinea satisfactorys stem
transferfunctionin snygivensituation.Thus,ha-g decidedjusthow
muchaccelerationthedesiredmissilewouldbe abletowithstand,the
designercm usefigure3 to determinea correspondingvalueof a cer-
tainparameter13.Thetransferfunctionis thendeterminedby meansof
equation(43). Theerrorof a missilesystemwiththistransferfunction
maythenbe readofffigure3.
Finally,thecurveof errorversusa dimensionlessacceleration
parameter- whichis theonlythingwhichdetermbestheerror- is
given.
AmesAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics
MoffettField,Ctif.,Sept.30,1957
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AL!!ZERNATIVEFORMULATIONFEQUATIONS(36)AND (37)
Inordertoevaluatesnysystem,itisnecessaryto calculatethe
errorcorrespondingtoit (ofcourse)anditsrmsacceleration.W1.th
theprovisothatconditions(29)and(30)hold,form-as(36)and(37)
of thetextcanbe usedforthispurfmse.However,itis simplercompu-
tationallyto considera transformedversionoftheseformulas.This
versionis described’below.
Considerequation(36).Wehave
‘“1*(’~+*)‘-(’m+&)’”
m,n
andinviewof eqyation(21),
m
=N
J
[&(t)
o
+X%h2(t)]dt
where
Ih(t)= ~ e-hntAns
Now,by a wel.1-hewnformulaforLaplacetransforms(ref.IL)
J’ ico‘#(t)dt = ~2d J G(s)G(-s)tio
-ico “
—
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*
where G(s)is theLe@.acetransformof g(t).Also,againby (21),
*
Consequently,
h(t)=*
J
m (t-7)2g(’r)dT
t
the transformof h(t)is
mH -StH(s)= 1g(t) ~-;+*-* dto
.EU+U2L+EIQ. EGQ
2s ~2 S3 Ss
However,as shownonpage
conditions(35)arevalid
Also,
20, conditions(35)entail.(38],sothatif
forthesystemunderconsidemtion,
l-G(s)H(s)= — S3
JimI h2(t)dt=* H(s)H(-s)ds
v
Therefore,finally,
-j-m
f.a)
E=(m) . ..-&-1[ 11-G(s) 1-G(-s) ~G(s)G(-s)-l?— —
-icn
S3 =3
rmN=—.23-CL G(s)G(-s)ds -
-f.m
by virtueof thedefinition(8) .or
17 J‘ml-G(s) ~+(-s)——2Yd.T ——aJ” (n)S3 #
-j.m
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Ina siurLlarway,it csmbe shownthatequation(37)is equivalent
to
im
f[ 1~(T).=+& ~ 1-G(s) b(i(-s)~S4G(S)G(-S)- A ——s s
-im
(A2)
providedagainthat-(29),(30),~dtie firstofeq~tions(38)hold=
Theintegralsoccurringin equations(Al)and(A3)canbe evaluated
inunediatelybymeansofthetablesE.2-1inAppendixE of reference12.
Onefurtherpoht whichmightbe madeis this. Itis easyto show
by useof equations(A2)wheretheparameter
—.
(afi-a2)/NA5camefrom.
Noticethatin equation(43)that G(s)is reallya functionof s/A,so
that G(M) doesnotinvolveX explicitlyat all. Hence,writings=Xp
in (A2)andabbreviating=(T) to~, we obtain
j.cm
7 N-A5J[ 11-G(AP) l-G(-hP) dpaM2 .a+— 2d P4G(AP)G(-AP)- ~ P
-ico
or
wheretheri@t-hmd sideis ina normalizedformand contraryto
appearances,doesnotcontainanyof theparameters~, N, T, or~.
.
.
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